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ABSTRACT

In this paper we shall consider problems of the following type. Suppose
G is some set, 1] is some family of subsests of G (e.g. G could be the Euclidean
plane and 1 might be the family of all sets of Lebesgue measure zero),and
% is any directed graph over G (i.e. any collection of ordered pairs of members
of G) such that for each g € G the set {h: (g, B eg} belongs to the family
U. How large a set SS G must there exist with the property that (S x.S)
ﬂg=®, i.e. such that it is totally disconnected? In many of the cases
we shall consider (including the particular example above), the answer will
turn out to be independent of the axioms of set theory and will remain so
even after adjoining the negation of the continuum hypothesis.

1. Introduction

In this paper we shall consider problems of the following type. Suppose G is
some set, I is some family of subsets of G (e.g. G could be the Euclidean plane
and U might be the family of all sets of Lebesgue measure zero), and ¥ is any
directed graph over G (i.e. any collection of ordered pairs of members of G) such
that for each g € G the set {h: (g, h) €%} belongs to the family U. How large a
set S < G must there exist with the property that (S x S) "% = ¢, i.e. such that
it is totally disconnected? In many of the cases we shall consider (including the
particular example above), the answer will turn out to be independent of the
axioms of set theory and will remain so even after adjoining the negation of the
continuum hypothesis.

In our proofs we shall not need to construct models of set theory and, in
particular, we shall not make any explicit use of forcing techniques. Rather, we
shall assume the axioms of Zermelo-Fraenkel set theory with choice (ZFC) and,
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whenever necessary, cite known theorems concerning the existence of certain
models of ZFC. Even here we shall normally be interested only in simple combina-
torial properties of these models such as whether or not the continuum hypothesis
holds or whether every set of reals of cardinality less than 2% has measure zero.
We will then use these properties to prove theorems about graphs, and thus
their consistency will imply the consistency of the theorems in question,

We shall need some notation. For any set A and any cardinal x, we denote the
cardinality of 4 by | A|; the cofinality of x by cf(x); the smallest cardinal larger
than x by k*; the sets {B < 4: | B| <}, {B< A4:|B| < «},and {B< 4:|B| = «}
by [A]°%, [A]**, and [A]" respectively; the set {<a,b): (b,ad e A} by 4~*; the
set {¢a,bye A x A:a # b} by 4; and the cardinality of the power set of 4 by 24

We shall identify cardinals with initial ordinals, i.e. a cardinal x will be the set
of all ordinals of cardinality less than k. The cofinality of a cardinal x may then
be thought of as the smallest cardinal A such that there exist cardinals x,,
K,y Kg e &< A, each of cardinality less than x but nevertheless satisfying
2 <3k, = k. It is well known that for any ordinal « we have ¢f(X,, ) =N, and
that for any limit ordinal 4 we have ¢/(X,) = ¢f(4).

We shall use the symbols N, Z, and R to denote respectively the set of natural
numbers, the set of all integers, and the set of ali real numbers, and we shall
denote a topological space over a set T with open sets @ by Zor (T,0).

We define a directed graph over a set G to be any pair (G, %) such that ¥ < G,
and for each point g € G we denote the set {h: (g, h) €%} by g, or, if ¥ is clear
from the context, by g. A directed graph (G, %) will be called fotally disconnected
or free iff ¥ = @ and totally connected iff ¥ U%~1 = G. For any set H < G we
define (H,#) to be a subgraph of (G,%) iff # = H N¥, and we shall frequently
identify H and (H, H N%) when we are interested in both set properties of the
one and graph properties of the other. Thus if we are dealing with a graph over R,
we may speak of a set H < R as being totally disconnected and of the second
category. In this vein, if (G,¥) is a directed graph, then we define a set H < G to
be @-free (or just free if 4 is clear from the context) iff H N% = gf. We define two
disjoint sets 4,B< G to be @-disjoint iff (Ax ByN(F V%) =¥, and we
define a family & of subsets of G to be -free (or again just free) iff its members
are pairwise ¥-disjoint. Finally, if U is a family of subsets of G and {G,%) is a
directed graph such that for each g € G we have gell, then we define {G,¥) to
be an U-graph.
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2. Combinatorial problems

The first problem of the kind we shall consider was posed by Paul Turan in a
private communication in 1935 in which he asked, using somewhat different
notation, if every [R]“™-graph admits an infinite free subgraph. This was
answered affirmatively by Griinwald. Lazar showed that such a graph always
admits a free subgraph of cardinality 2. Ruziewicz [12] then conjectured:

TuEOREM 2.1. Let S be an infinite set of cardinality x, and let A be any
cardinal less than x. Then every [S] *-graph over S admits a totally-discon-
nected subgraph of cardinality x. B

Special cases of this were proven by Sierpinski, Lazar, S. Picard, Fodor, and
Erdos. Finally Hajnal [6] presented a proof of the theorem as stated.

In a sense this theorem is ‘‘best possible’” as can be seen by the following which
is found in [2].

<18

THEOREM 2.2. For every set S there exists a totally connected [S]"!-graph

{S,%).

Proor. Choose any well-ordering < of S such that (S, <) is order-isomorphic
to (] S[,e) and let 4 = {{s,£>: t <s)}. [ ]

However, by introducing a notion which may be thought of as analogous to
boundedness, we can obtain an intermediate result.

THEOREM 2.3. Let S be any infinite set, let k be any cardinal less than
IS[, let ? ={S,:a€k} be any partition of S into Kk disjoint subsets each of
cardinality ]S], and let U= {Te[S|"¥":3qcx(T< Up<aSp)}. Then:

a. There exists an U-graph {S,9) which admits no infinite free subgraphs
and no pairs U,V of 9-disjoint subsets both of cardinality ]Sl;

b. If ¢f(x) = cf(IS[), then there exists a totally connected W-graph {(S,#);

c. If of(k) # cf(ISI), then every W-graph admits arbitrarily large finite free
subgraphs.

ProoF. We first note that since we are only interested in bounded subsets of 2,
we may assume without loss of generality that x is regular. For the remainder of

this proof we set v = [S ], and we assume that we have indexed each S, with v so
we have S, = {s3: fev}. We now continue with each section separately.
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a. Define ¢ to be the set {(s;s,;>eS:y<a, 8 <pB}. Suppose now that
{sgici e w} is an infinite free set of distinct elements. From the definition of 4 we
see immediately that i # j —» «; # «;, so we may assume without loss of generality
that i <j — o, < ;. But it also follows easily that o; < a; — ;> B, so {B;: i e w}
must be an infinite decreasing sequence of ordinals which is impossible.

Now let Uand V be two non-empty ¥-disjoint subsets of S. Let « be the least
ordinal such that (U U V) N S, # . We assume, by symmetry, that U N S, # ¢,
and we let B be the least ordinal such that s; € U. Then by #-disjointness we have
V < {s}: 6 < B}. But this latter set has cardinality IK X ﬂl which is strictly less
than |S|.

b. Let {v,: @ <k} be a strictly increasing cofinal subset of v, and for each « < «
let T, = {s’; :p<aAy<v,}. Also, let < be any well ordering of S satisfying
te(Ty — T) AseT,—s<t. We note that since each T, has cardinality less than
v, we have S order isomorphic under < to v, and thus the set of predecessors
under < of any given element has cardinality less than v. Since it also follows
that T, € U {S,;: B <a}, we see that the graph <S,{{s,t):t<s}) is a totally-
connected U-graph on S.

c. Our proof will essentially parallel the proof of Theorem 2 of Erdés and
Hajnal [4, p. 188] except that we will have to allow for the possible singularity of v.
Thus let A = ¢f(v) and let {S,¥) be any U-graph over S. We shall prove by
induction that for each natural number n and each ordinal a < x there exists an
n-element totally-disconnected subset T, of S such that T, NS, # &, but T, N
Up<oSp = . This is trivially true for n =1, so we suppose it is true for n =m
and prove it for n = m + 1. Choose any ordinal «. By our induction hypothesis we
may choose a family & = {T%:a < B <x} such that each T% is as described
above. For each Te ¥ let T= U {¢: te T}. Because each T € is finite, we have
| TI <.

Now suppose | U{T: T ey}l = v. Since & has cardinality «, this implies that
1 = ¢f(v) £ x and since ¢f(v) cannot equal x by the hypothesis of part c (this is
the only place we use this hypothesis), we have 4 <. Let v* = {v;: f < 1} be
any strictly increasing cofinal set of cardinals in v, and for each fel let
Cp={yex: IT,,V,I < vg}. Because k = U <;,Cy, 4 <k, and « is regular, there must
be some & < k such that ] C,,[ = k. Call this set x*.

On the other hand, if | U{T: TGV}I is strictly less than v, set x* =x. In
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either case we set #* = {T5:a < Bex*} and we note that x*, because it has
cardinality k, is still cofinal with x. However, we may now assume that
U{T: T € #*} has cardinality strictly less than v. Thus we may choose a point
se(S, — U{T: T e*}). But s is bounded; i.e. there exists a fex such that
§ S U, ,S”. Thus we may choose any ordinal § ex* — f and set T, = {s} uT?.

<IRl we have:

In particular if U5 is the family of bounded members of [R]
COROLLARY. 2.4. EveryU®C-graph over R admits arbitrarily large finite free
subsets, and there exists such a graph which does not admit any infinite free

subsets.

ProoF. In23letk =wandforeachnewletS,=(—n—1,~n]U[nn+1).
Since IRI can never have cofinality w, the result follows. [ |

Finally, we shall need a generalization of the Ruziewicz conjecture.

THEOREM 2.5. Let S be any infinite set, let P be any subfamily of N
of cardinality less than |S[, and let x be any cardinal less than IS] Then every
[S1°*-graph admits a free set F = S satisfying Pe P — [F nP\ = lSl |

This was first stated by Erdés and Fodor [3] under the additional assumption
that 2 be a disjoint family, and proven for |S l regular. Hajnal [6] notes
that his proof of 2.1 also applies to the case |S| singular of the Erdds-Fodor
theorem, and it is easily seen that both proofs can be modified to cover the case 2

not disjoint.

3. Topological problems

We begin with some observations which follow immediately from our previous
section and various known results concerning some of the models of ZFC which
have been recently constructed. Although many of the results in this section will
be stated with respect to R, they nevertheless can be generalized to Euclidean
n-space for all n 2 1. For the remainder of this paper let " be the family of
nowhere-dense subsets of R, let UF be the family of subsets of R which are of the
first category, and let UM be the family of subsets of R which have Lebesgue
measure zero.

As UM and UF are easier to handle, we treat them first. Let Y™ =™ N ¥
N[R]™X We first note:
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THEOREM 3.1. If the continuum hypothesis holds, then there exist totally-
connected YWM¥C-graphs over R.

ProoF. The result follows immediately from 2.2 and the fact that every
countable subset of R is of the first category and has measure zero. ]

However, the negation of the continuum hypothesis does not yield any in-
formation at all. The reason for this is that the proof of 3.1 does not really use

the full continuum hypothesis but rather the following weaker hypothesis which
we shall refer to as C.

Every subset of R of cardinality less than 2%° is of the first category and has
measure zero.

It is known that C is a consequence of an axiom due to Martin [10] which is
itself known [14] to be consistent with the negation of the continuum hypothesis.
Thus we have:

THEOREM 3.2. It is consistent with the negation of the continuum hypothesis
that there exist totally-connected W -graphs over R. |

In other models of ZFC the situation is strikingly different, and we may even
pick up some information about U

THEOREM 3.3. It is consistent with the axioms of set theory (ZFC) that every
UF-graph (and therefore every U"-graph) over R admits a free subgraph which
is of the second category and has cardinality 2%°, and that there nevertheless
exists a totally connected WM-graph over R.

PrOOF. Suppose that to a countable standard model of ZFC we add a set G
of at least W, generic (i.e., we use conditions of the type first introduced by Co-
hen [1, chap. iv]) real numbers. Then it is well known [15] that in the new
model, G has the property that for every set Al the set A N\ G is countable.
(This follows from the fact that every member of U" is contained in a closed
member of A" and that, in models of this type, every closed set of reals is con-
structible from a countable subset C of G. It can then be shown that no member of
G — C can possibly be forced to be a member of a nowhere dense set constructible
from C.) Now suppose that (R,%¥) is any HF-graph. Because of the special pro-
perty of G, the graph (G,GN¥) is a [G] “¥-graph and since G has cardinality
2% >R, > No, there must, by 2.1, exist a free subset H of cardinality 2.
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It is clear that H is also a @-free subset, of R and because it is an uncountable
subset of G, it must be of the second category.

Furthermore, Solovay has proven (private communication) that, in the above
construction, each Borel set of measure zero which is in the model one begins
with, can be extended to a Borel set of measure zero in the new model in such a
way as to insure that every member of R is contained in at least one of these
extensions. Now assume that the original model satisfied the continuum
hypothesis. Then in the new model, R is contained in a union of ¥, sets each of
measure zero and therefore can be partitioned into a family # = {M,: 2 €N} of
disjoint members of UM, Thus the graph (R,{(r,sdeR:reM, A seM;
- B<a}y is a totally connected U*graph. [ |

On the other hand we also have:

THEOREM 3.4. It is consistent with the axioms of set theory that every M-
graph over R admits a free set of cardinality 2%° which is not of measure zero,

and that there nevertheless exists a totally-connected U -graph.

PrOOF. Solovay has proven (private communication) that if one adds random
reals [13] rather than generic reals to a countable standard model of ZFC, one
obtains results analogous to those mentioned in the proof of 3.3 except that
“measure zero” and ‘“first category’’ must be interchanged. Thus if a set H of
more than N; random reals is added to a countable standard model of ZFC + 2*°
=N, then H in the resulting model will be a subset of R such that for every set
AelM, the set A N H will be countable. Furthermore, it will be possible to

partition R into a union of X, disjoint sets each of the first category. The proof
then proceeds as in 3.3. [ |

Now denote the bounded members of UY, UF, U™ and UM by UPY, U,
UPM, and UPPMC respectively. Erdos and Hajnal [4] have proven that if 1l is the
family of bounded subsets of R of outer measure no greater than one, then every
U-graph admits arbitrarily large finite free subgraphs. These authors have asked
about infinite free subgraphs [4, and 5, #38C]. We note that it is consistent
with the axioms of set theory that such infinite free subgraphs do not exist.

THEOREM 3.5. Every UP —or UPM.graph over R admits arbitrarily large
finite free subgraphs. However, C (and therefore the continuum hypothesis)
implies that there exists a W™ -graph (R,%)> which admits no infinite free
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subgraphs and such that there do not exist two 9-disjoint subsets of R of
cardinality 2%°.

Proor. The existence of arbitrarily large finite free ;subgraphs follows im-
mediately from the proof of Erdés and Hajnal’s theorem (or the proof of 2.3),
while the existence of the graph (R,%) follows directly from 2.3 by setting
k=N, and letting Z2={(—n—-1,—njU[n,n+1). new}. [

We do not know if the negation of the continuum hypothesis yields any positive
information about X¥-graphs. Erdds [2] has proven that every U"-graph admits
an infinite free subset. Maté [11] has proven that every such graph admits free
subsets of every countable well-order type, (under <). We shall prove (4.11) that
every such graph admits free subsets of every countable order type, but, under
the assumption of the negation of the continuum hypothesis, the closest we can
come to proving these results ‘‘best possible is:

THEOREM 3.6. It is consistent with the negation of the continuum hypothesis
that there exists an W¥¢-graph over R which admits no free subgraphs of cardinal-
ity greater than ¥,.

Proor. In the models of ZFC constructed by Solovay which we have referred
to, and in certain models constructed by the present author [8], the continuum
can be made arbitrarily large, but R can always be partitioned into a family
F = {N,: aeN,} of disjoint, nowhere-dense subsets. Let < be any well ordering
(in such a model) such that (R, <) has the order type of the cardinal Mo
(again in the model). Then the graph (R,¥), where & is the set

{(sstye |J Not<s),

a<N1
is an WNC-graph which admits no free subgraphs of cardinality greater than ;. W

Given the continuum hypothesis, however, we can show these theorems are
““best possible’” and much more. We can construct a UP¥%graph over R admitting
no uncountable free subgraphs. Moreover, for each r € R the set r is either empty
or has order type w under <, admits only r as a limit point, and is contained in
the open interval (r — ¢,,r) where ¢, may be any specified positive real number
and may vary for different r € R. This answers several questions raised by Erdos
and Hajnal [2, p. 53; 4, pp. 188-189; 5, 4 38A, p. 35]. That such a graph can be
constructed follows immediately from:
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THEOREM 3.7. Assume the continuum hypothesis and let 7 = (T, 0> be any
second-countable Hausdorff space of cardinality 2™°. Let Ul be the set of nowhere-
dense subsets of T, let < be any total ordering on T which admits no decreasing
sequence {t,e T:ae¥N;} such that a<p—1t, >t and for each teT let
{B.: new} be a nested base for the open neighborhoods of t. Then there exists
an U-graph {(T,%> which admits no uncountable free subgraphs and for which
t £ (J implies:
set—os<t,

t < By,

(B, — B,+1) Nt has at most one element,

t has cardinality N,

t is the unique limit point of every infinite subset of t,
s # t— s Nt is finite.

me Ao

Proor. For convenience we identify T with N;. Let # = {B;:icw} be a
countable base for ¢, and for any set SS T, let S*={s:5c¢0e0—> U <s
te 0 NS}. We first note that for any S < 7, the set S — $* is countable. This
follows from the fact that to each s €S — S* we may assign a set B, €# such that
seB; and B,N{teS:t<s}=¢F. Since < is a total ordering, we have
B, = B, —~ s =t; thus the countability of # implies the countability of S — S*,

Now let {C,: xeN,} be an enumeration of [T]*™, and for each xe N, let
€, ={Cp:B<aecC;} If €,=, we set a = . Otherwise we let {C;: necow}
be an enumeration, with repeats if necessary, of %,, and we define & = {«,: n € w}
inductively. Assume we have defined «,, for each m < n. Choose any k such that
{otg, -+, 0,1} N By = ¢, and let a, be any member of By NCi N {t: t <a}.

We see immediately that & satisfies a, b, ¢, and d, and, because 9 is Hausdorff,
@, € Ny <,Bry, and {B;} is a nested base; e and therefore f also follow.

To prove that T admits no uncountable free subgraphs is a bit more difficult.
Let S be any uncountable subset of T. We shall prove that S is not free.

We first prove that for some ae¥; we have C, = S and S* = C} For each
B, €%, let D, be any countable subset of B, N S such that ae(B, N S)—»3deD,
(d < a). Such a countable set D, always exists because (T, <> admits no un-
countable decreasing chains. Thus U, .,D,e[T]™™ and is therefore equal to
C, for some a. Now choose any s < S* and any set O such that s € O € 0. Because
% 1s a base, we have s€ B, = O for some n € w, and therefore we have an element
teSNB, such that t<s. This in turn implies the existence of an element



240 S. H. HECHLER Israel J. Math.,

deD, = B, < 0 such that d <t <s. Thus since O was arbitrary, we have s e C¥,
and since s was arbitrary, we have S* < (o3

Finally, because S is uncountable while S — S* is countable, we may choose a
point B such that « < feS* N S. Since S* = C}, we have feC} and therefore
C,€%,. But from our construction this yields F#pNC,=BpNS, so S is

indeed not free. However, S was an arbitrary uncountable subset of T, so we are
done. |

This theorem may be generalized to higher cardinals, Suppose we look at a
Hausdorff space .7 = (T,0) of cardinality x* = 2" which admits a base # of
cardinality k. The order < will now have to admit no decreasing sequence of
order type x*, and one other property of 7 will be required. When constructing
a,, we assumed that there existed a k such that Bf N{a,:{ <n} = . For n
finite this followed from the fact that  was Hausdorff, but by 2.1 we see that we
cannot hope to require each ¢ to be countable. Instead we require that each ¢ be
either empty or of cardinality k. Thus we must assume (and therefore require) that
each t € T (with at most k exceptions) admit, as an open base for its neighborhoods,
a nested family #'= {B,: a €k} satisfying Se[T—{f}]™* - 3IBe# (BN § = &)

Given these conditions we can construct a l-graph which admits no free
subgraphs of cardinality k* and for which ¢ # ¢ implies a, b, and ¢ of 3.7 and

d”. t has cardinality «,

e". t is the unique limit point of every subset of ¢ of cardinality «,

f* s # t— s Mt has cardinality less than x.

This has an interesting application. In [3] Erdts and Fodor ask the following:
Let x be any cardinal and let G be a [«]**-graph over x such that for some cardinality
A < x each pair a, § of distinct ordinals in x satisfies | N B| < 1. Does there then
exist a free subgraph of cardinality x? (They prove that there always exists an
infinite free subgraph.) Hajnal has proven [7] that the answer is negative when-
ever x is regular and 2° = k™. We note that the generalization of 3.7 yields an
alternate proof of a special case of this.

3.8. THEOREM. Let k be any regular cardinal such that 2 =" and 2" = «x.
Then there exists a [k*]7*-graph on x* such that « < f <x — Ia ﬂﬁl <k,
but which contains no free subgraphs of cardinality x*.
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Proor. We need only exhibit a topological space of cardinality x* having
the required properties and apply our generalization. Such a space can be obtained
by generalizing the notion of the real line. Let F, be the set of functions from x
into {0,1}, let R, be the set {feF.:aeck—3P[a< B <x ASf(P) #f(®)]}, let <,
be the lexicographical ordering of R,, and let @, be the order topology on R,
induced by <. It is easily seen that the set of open intervals whose endpoints are
in F, — R, forms a base of cardinality x (because 2* = k) for @,. Also, because x
is regular, the intersection of any nested sequence of fewer than x open intervals
is itself an open interval. [ ]

We may generalize 3.7 in another direction by allowing the continuum hy-
pothesis to fail, but requiring instead that Martin’s axiom hold. The result we
obtain while not exact, is still interesting in the light of 4.8-4.10,

THEOREM 3.9. Assume Martin’s axiom. Let 7 = (T, 0>, U, and < satisfy the
hypotheses of 3.7, and for each te T let B' be any open set containing t. Then

there exists an U-graph which admits no free subgraphs of cardinality
2% and which satisfies:

a. set—s<t, and

b. t= B.

Proor. We proceed exactly as in the proof of 3.7 with the same definitions,
except for that of a. By 2.1 we cannot let some countable set equal & and still
expect to obtain a graph with no free subgraphs of cardinality 2™ So we shall use
a different construction based on Martin’s axiom. The reader not familiar with
this axiom should consult [10].

Choose any fixed aeT. If ae(T —T*) let o= (; otherwise let %,
={Be#:31De0[aeD (T - B)]}, let T,={t<a:teTNB}, and let P
=[8,]°™ x [T,]7™°. For each p = (a, b> e P, let po =aand p; = b. We wish to
think of Up, as that part of 7' which is removed so that the remainder will be
nowhere dense, and p, as a subset (to be) of a. Thus we consider only the set
P°={peP:p; N Upy=}. Let 2 be the partial-order structure (P, <) defined
by p<q—po=qoA p; S 4q;. We note that for any two elements p,q € P¢, if
Do = 4o, then the pair r = {p,, p; U q,) belongs to P° and extends both of them,
so & satisfies the countable chain condition. For each B €% let

Fp={peP°:3B’ € p,[B’' = B},
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and for each B such that C; €%, let Fy = {peP°: p; NCy # &}. It is easily seen
that each Fp and each Fj is dense open. So by Martin’s axiom, there exists a
filter G over 2 which is ({Fg: BE®B} U{F;: Cz€%,})-generic (ie. G< 7,
p,q€Go3reG(p<rANq<r),BeB - FyNG# J,and Cze¥, > F; N G# ).
Thus if we seta = U {p,: pe G}, we sce immediately that o satisfies a and b
of the theorem, is nowhere dense, and intersects each C; €%,. The remainder of
the theorem now follows exactly as before. [ |

4. FKree families

We conclude by considering the existence of ¥-free families of subsets of R
where (R,%) is a UM-graph. Since we can always find an infinite free set and
partition it into infinitely many disjoint infinite pieces which will, of course, be
@-disjoint, we will only be interested in families which are either themselves
uncountable or have uncountable members. The former will not, in general, be
possible because if we had such a family, then by choosing one representative
from each member we could obtain an uncountable free set thus violating 3.7.,
at least if the continuum hypothesis holds. Thus in the general case, we are
reduced to looking for free families some of whose members are uncountable.
Ideally, we would like to find such families each of whose members has cardinality
2% but our proofs instead lead to families each of whose members is of the second
category. Given C or therefore, the continuum hypothesis or Martin’s axiom, we
can immediately infer that these members actually do have cardinality 2%
otherwise we do not know.

There is a related question which we shall consider first. Suppose we are given
a family & = {E;: ieI} of ‘“‘reasonable’ disjoint sets. Can we find a free family
F ={F,< E;:iel} of “large’ sets? For & finite, the answer will be yes; for &
infinite, we do not have complete information, even for “‘small’ sets.

An obvious family to consider is the family 2 = {[z,z + 1): zeZ}. We do not
know whether there always exists a free family # = {F, = [z,z + 1): z€Z} of
nonempty (or infinite) sets, but we can prove independence results if we require
that at least one of the F. be uncountable. In fact if we assume the continuum
hypothesis, we can look at a much larger class of graphs. We define a set S < R
to be strongly discrete iff for any two distinct points r, s € S, we have | r— s| >1,
and we let U be the family of all strongly discrete subsets of R. Then we have:

THEOREM 4.1. If the continuum hypothesis holds, there exists a UZgraph



Vol. 11, 1972 DIRECTED GRAPHS 243

{R,%> such that for any uncountable set U < R, the set R — U{u:ueU} is
bounded.

Proof. Let {r,:aeN;} be an enumeration of R and let {C,: «eN,} be an
enumeration of the unbounded countable subsets of R. Then for each o e¥X; we
may, because the C, are unbounded, choose a strongly discrete subset of R which
does not contain r, and which has nonempty intersection with each C, such that
B < o. Call this set r,, and the resulting graph 4.

Now let U be any subset of R such that the set C =R — U{u:ue U} is un-
bounded. Then for some a €&, we must have C, = C, so U must be a subset of
{rs: B < &} and thus countable. [ ]

As with 3.7, we may substitute Martin’s axiom for the continuum hypothesis in
both the statement and the proof of this theorem. As before, we use the axiom to
obtain the set r, which intersects each C; such that § <« (even when a is un-
countable). Again the set r, will be nowhere dense (we may use essentially the
same construction as in 3.9), but will not have the additional properties which
can be obtained given the continuum hypothesis. Thus we have:

COROLLARY 4.2. If Martin’s axiom holds, there exists a U"-graph (R, %) such
that for any set U < R of cardinality 2™°, the set R — U{u: u € U} is bounded. W

Applying this to & we have:

COROLLARY 4.3. If Martin’s axiom (the continuum hypothesis) holds, then
there exists a UY— (WP ~) graph such that no infinite free family

F={F,c[z,z+1):z€Z}
contains a member of cardinality 2%°. [}

On the other hand, not only is it consistent that there always exist such free
families & each of whose members have cardinality 2%° but it is consistent to
assume in addition that U% be free. In fact we have the even stronger result:

THEOREM 4.4. It is consistent with ZFC that every W-graph admit a free
set F such that for every non-empty open interval (a,b), the set F N(a,b) is of
the second category and has cardinality 2

Proor. It is known that the set G mentioned in the proof of 3.3 can be con-
structed to have the additional property that IG r\(a,b)] = 2™ for every non-
empty interval (a, b). The theorem then follows by applying 2.5 instead of 2.1 and
letting 2 = {G N(p,q): p,q rational}. ]
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If & is finite the situation is quite different. As our proofs will follow in spaces
other than R with little or no extra difficulty, we shall consider the general case

and begin with a slight generalization of the notion of category.
If 7 = (T, ) is any topological space, then the weight of J (which we shall

denote by wt(9)) is defined to be the least cardinal A such that @ admits a base of
cardinality A. Using this, we define a set S = T to be of the first *category iff it is
a union of at most w7 ) nowhere-dense subsets of T and to be of the second
*category otherwise. We shall refer to sets of the first or second *category as
[-sets or s-sets respectively. Finally, we define a set S = T to be categorically
dense over an open set O iff for every open set P = O, the set SN P is an s-set.
We note that if a set S is categorically dense over an open set O and P is any open
subset of O, then S is categorically dense over P,

The reason we choose this definition of second *category is so that we might
have:

Lemma 4.5. If 9 =<(T,0> is any topological space and S = T is any s-set,
then there exists a set O € 0 over which S is categorically dense.

Proor. Let % be a base for O of cardinality x = wi(9), let #F ={Bc#: B NS
is an f-set}, and let A =T — UZ. Since S N(UF) is a union of at most x f-sets,
it is itself an f-set, so A N S, and therefore A, must be an s-set. Thus, in particular,
A cannot be nowhere dense. But since 4 is closed, it must have non-empty in-
terior I, and it is easily seen that S is categorically dense over I. B

We shall also need:

Lemma 4.6. If Ay and A, are any two disjoint s-sets in a Hausdorff space,
then there exist disjoint open sets Oy and O, such that each A, (and therefore
A; N0, is categorically dense over O,

Proor. By 4.5 we may choose open sets Oy and Oy such that each 4; N O is
categorically dense over O;. Choose any points p, and p, such that p,e 4, N O,
and choose any pair O,, 0, of disjoint open sets such that p,e0;, = 0. N

And similarly:

LemMma 4.7. If A is any s-set in a Hausdorff space such that no member of A
is an isolated point, then A may be split into two disjoint s-sets.

ProOOF. By 4.5 there exists an open set O over which A4 is categorically dense.
Because A has no isolated points, we may choose two points py, p; €4 N O and,
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because we are in a Hausdorff space, two disjoint open sets Oy, 0, < O, such that
p;€0; < 0.Clearly A N0y and A — (A N O,) are the two desired sets. [ ]

We next consider finite families & of “‘reasonable” disjoint sets. From the
following theorems we see that the proper definition of reasonable should be
““s-set’’. We begin with a theorem which, although not stated in quite this form,
is essentially due to Marcus [9].

THEOREM 4.8. Let 7 ={T,0) be any Hausdorff space, let I be the family
of nowhere-dense subsets of T, and let § = {E;: i <n} be any finite family of
disjoint s-sets. Then every U-graph admits a free family {F,< E;:i <n} of
s-sets.

Proor. 1t is sufficient to prove the theorem for n =2; the remainder will
follow by induction. So suppose & = {E,, E,}. By 4.6 we may assume that there
exist disjoint open sets O, and O, such that each E, is categorically dense over O,
Let 2 be a base for 0 of cardinality wi(.7"). Because (T, ¥ is an U-graph, we may
assign to each a € E, a non-empty set P, 2 such that P, < O, and a NP, = (.
For each PeZ let Bp={acEy:P, =P}, and let # = {Bp: Pe#}. Since
|9” = wi(J), we have ],@l S wiJ). But E, = U# and E, is an s-set, so there
must be at least one set Q € & such that By, is an s-set.

Now, using 4.5, we choose a non-empty open set Oy = O, over which By is
categorically dense, and we set E; = By N0y, E{ = E; N Q, and 0] = Q. We note
that as before, each E; is categorically dense over O}, and Oy N 0} = . However,
we also have (E; x Ej) N% = (#. Thus if we repeat our construction choosing
acE{ and P, < O,, the resulting s-sets E; and E{ will be %-disjoint. E

We return to our original question, that of the existence of infinite free families.
As we have seen, we cannot hope to choose in advance the locations of the members
of such families, but this does not mean such families do not exist. Not only do
they exist, but we will even be able to specify the locations of their unions subject
only to the conditions that these locations be s-sets and that they contain either
infinitely many or no isolated points. This latter is necessary because, otherwise,
the desired location might turn out to be the union of an f-set with a finite set of
isolated points and, therefore, not contain any infinite family of disjoint s-sets.

TueoreMm 4.9. Let 7,U, and 9 be as in 4.8, and let A < T be any s-set which
contains either infinitely many isolated points or no isolated points. Then there
exists a family & = {F;: icw} of mutually 9-disjoint s-subsets of A.
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Proor. If A contains an infinite set {a;:icw} of isolated points, let
F = {{a;}: iew}. Otherwise we construct F,; inductively as follows. Assume we
have already constructed a family Fo,Fy,--,F,_4, A, of mutually %-disjoint
infinite s-subsets of A. Then by 4.7, we may split A4, into two infinite s-sets
B} and B and then apply 4.8 to obtain two infinite ¢-disjoint s-sets F, < Bj and
A, S B}. The family & = {F;: ie w} now satisfies the theorem. n

1f we look only at R, this result may be sharpened considerably. For any two
sets 4, B < R, define 4 < B to hold iff for every a€ A and b e B, we have a < b.
Then we have:

THEOREM 4.10. Let (R, %) be any UY-graph over R and let A < R be any
s-set. Then there exists a family F = {F,: ne o} of mutually 9-disjoint s-sets
such that UF < A and {F, <) is a dense total-order structure with no first or
last element.

ProoF. We first note that if S is any s-set in R, then by applying twice the
method used in proving 4.7 and then using 4.8, we can obtain three mutually
4-disjoint s-sets Sy, S;, S, & S such that §; < §; < §,.

We first apply this on 4 to obtain three such mutually disjoint s-sets 4, < 4;
< A,. We then repeat this process with respect to 4, and 4, obtaining s-sets
A; < A, < As and Ag < A7 < Ag, but we leave 4, fixed. This process is con-
tinued for all n always keeping sets of index 3i + 1 fixed, and always partitioning
each of the others into three subsets having the appropriate properties. We may
now let # = {43, icw}. [

We now have the machinery available to prove the theorem mentioned just
before 3.7, i.e. to prove that svery U"-graph over R admits free sets of every
countable order type. We note that it is sufficient to prove that every such graph
admits a free set of order type 1, the order type of the rationals, because it is
known that every countable order type can be embedded into #. But this we have
already done; simply choose one point from each F, belonging to the family #
constructed in 4.10. Thus we have shown:

COROLLARY 4.11. If (R, %) is any WN-graph, S is any s-set in R, and y is any
countable order type, then there exists a free-set G S S which has order type y
under <. |

We wish to thank Professor Erdds for suggesting this last question to us.
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5. Open problems

We collect here some problems which we have mentioned earlier.

1. Does the existence of an U"-or UM-graph which admits no uncountable
free sets imply the continuum hypothesis?

2. Does Martin’s axiom imply that every U -graph admits free sets of every
cardinality less than 2%°?

3. Does every M"-graph admit a dense or even non-nowhere dense, free set?

4. Does every UM-graph admit a free family {F,: ze Z} such that each F, is a
non-empty (infinite) subset of [z,z + 1]?

5. Does every U"-graph (R, %) admit two (infinitely many) ¥-disjoint sets each
of cardinality 2%°?
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